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Abstract.  The work reported in the paper focuses on financial data forecasting in terms of 

one-step-ahead nonlinear auto-regressive model (NAR). The main aim is to obtain a suitable 

method to forecast the exchange rate between EURO and US Dollar. In our work, the 

prediction task is carried out by three recurrent neural networks, namely the standard NAR 

neural network, Long Short Time Memory (LSTM) and stacked LSTM respectively. We 

evaluated the performances of the obtained algorithms using the mean absolute percentage 

error, the root mean square error and a trend-based measure. The performance of the 

proposed methods is evaluated by a long series of tests, the results being very encouraging as 

compared to similar developments. The test results enable us to conclude that the LSTM neural 

network outperforms the standard NAR one. A series of experimentally derived conclusions 

and some suggestions for further work are exposed in the final part of the paper. 
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1. Introduction 
Modern financial markets are chaotic and very hard to predict systems mainly due to their 

volatile features and non-linearity. Therefore, stock market prediction is regarded as one of the 

most challenging applications among time series forecasting and it is under continuous 

investigations for years. Nowadays, the field of financial forecasting is developing fast, the 

financial data being the main valuable source of information for the investors and traders. 

One of the most successful techniques in solving financial data prediction problems belong to 

machine learning (ML) field and include Artificial Neural Networks (ANN). More recently, a 

series of research works suggested that deep nonlinear topology should be used in time series 

forecasting area. ([1], [2]) An improvement over traditional machine learning, deep learning 

(DL) models as for instance convolutional neural networks, deep belief networks and stacked 

auto-encoders can successfully model complex real-world data and achieve better 

performances then traditional ML approaches. (see: [3], [4]) 

Recurrent Neural Networks (RNNs) belong to the ANN class and exhibit temporal dynamic 

behavior. One of the main properties of RNNs is the capacity of using their own internal 

memories to operate over sequences of vectors (input data, outputs or both). Note that the 

output vector’s contents are influenced not only by the current input sequence, but also depend 

on the entire history of past inputs. Long Short Time Memory (LSTM) is a particular type of 

RNN with feedback links attached to some of its layers. LSTM is a suitable learning 
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environment in case of non-stationary time series and it has the ability to predict data when 

there are arbitrary sized time steps. (see: [5], [6], [7], [8]) 

The rest of the paper is organized as follows. Next section is dedicated to NAR model. A brief 

description of LSTM and stacked LSTM is provided in the third section of the paper. In the 

final part of the paper are exposed experimental results, comparative analysis, conclusions and 

suggestions for future work.      

 

2. The NAR Model 

The NAR model (Nonlinear Auto Regressive) is a type of RNN well suited for modelling non-

linear time series as well as for one-step and multi-step ahead prediction respectively. The 

forecasting model in case of non-stationary time series usually uses Partial Autocorrelation 

Function (PACF) to establish the delay variable.  

In the following we denote by: 

 T- the total number of time periods 

 𝑌 - the variable to be forecast 

 𝑑𝑌- the corresponding delays. 

The delay variable of a time series X corresponds to the lag d, where the PACF function 

computed for X drops immediately after the dth lag. For 1 ≤ 𝑡 ≤ 𝑇, Yt is the value at the 

moment of time t , and we denote by Ŷt  the predicted value of Yt. The NAR model is given by 

[9]. 

Ŷ(t+p) = f (𝑌𝑡
(𝑑𝑌)

)       (1)   

where   

 f  is a non-linear function  

 𝑌𝑡
(𝑑𝑌)

= {Yt, Yt−1, Yt−2, … , Yt−𝑑𝑌+1}                           

 

In the following we consider p=1, the equation (1) describing the one-step ahead 

prediction model. The non-linear function f can be computed by a neural network, the most 

commonly choice being the NAR networks.    

  
3. LSTM Neural Network 

RNN is a neural networks category specialized in processing sequential type data, as for 

instance time series. The most important properties of the RNNs are:  

 RNN have an output value for every time step;  

 RNN have recurrent links at the neurons from the hidden layer(s); 

 RNN have the capacity to read an entire sequence of data and return one single output 

value.  

Among the main algorithms that can be implemented using this neural network model are: 

Real-Time Recurrent Learning (RTRL) and Long Short-Term Memory (LSTM). [10] 

If we denote by (𝑣1, ⋯ , 𝑣𝑇 ) an input sequence, RNN computes a sequence of hidden states 

and an output vector z using the following algorithm:  

for 𝑡 from 1 to T do  

    𝑢𝑡  ←  𝑊ℎ𝑣𝑣𝑡 + 𝑊ℎℎℎ𝑡−1 +  𝑏ℎ 

    ℎ𝑡  ← 𝑒(𝑢𝑡) 

    𝑜𝑡  ←  𝑊𝑜ℎℎ𝑡 +  𝑏𝑜 

    𝑧𝑡  ← 𝑔(𝑜𝑡) 

end for 
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Note that in the above algorithm the matrices 𝑊ℎ𝑣, W ℎℎ, and 𝑊𝑜ℎ correspond to the network 

weights values and the vectors 𝑏ℎ, 𝑏𝑜, ℎ0 correspond to the network biases values. RNN 

determines a hidden state sequence h1,T and an outputs sequence z1,T. 𝑒(∙) and 𝑔(∙) are the non-

linear components of the hidden neural, respectively, of the output neural layer and ℎ0 is the 

vector containing the parameters in which is saved the initial state of the hidden layer. [11] 

Long Short Term Memory is a type of RNN architecture that allows the long-time learning of 

time steps dependencies. The learning process is accomplished using specific memory blocks 

located in the recurrent hidden layer. A memory cell consists of four units: an input gate, a 

forget gate, an output gate, and a self-recurrent neuron. [12]      

Let us denote by 𝑥 = (𝑥1, … , 𝑥𝑇) an input vector and we denote by 𝑦 = (𝑦1, … , 𝑦𝑇) the output 

sequence. The mathematics behind the most common model of the LSTM architecture is 

described as follows [12].  

The function used to remove a part from cell state information is described as 

𝑓𝑡 =  𝜎(𝑊𝑓° [𝑦𝑡−1, 𝑥𝑡] +  𝑏𝑓)   (2) 

where 𝑊𝑓 is the weight matrix, 𝑏𝑓 is the bias vector.  

The vector containing the new possible values is defined using a tanh layer  

𝑖𝑡 =  𝜎(𝑊𝑖 ° [𝑦𝑡−1, 𝑥𝑡] + 𝑏𝑖)   (3) 

𝑐̃𝑡 = 𝑡𝑎𝑛ℎ(𝑊𝑐 ° [𝑦𝑡−1, 𝑥𝑡] +  𝑏𝑐)    (4) 
 

where 𝑊𝑖 and 𝑊𝑐 are the weight matrices, 𝑏𝑖 and 𝑏𝑐 are the biases, and 𝑦𝑡−1 is the value of the 

memory cell at time t.  

Next we compute 𝑐𝑡, an update to the state of the memory cell 𝑐𝑡−1as follows 

𝑐𝑡 =  𝑓𝑡 ∙ 𝑐𝑡−1 + 𝑖𝑡 ∙ 𝑐̃𝑡   (5) 
 

and the output is given by 

𝑦𝑡 =  𝑜𝑡  °𝑡𝑎𝑛ℎ(𝑐𝑡)     (6) 

𝑜𝑡 =  𝜎(𝑊𝑜 ° [𝑦𝑡−1, 𝑥𝑡] +  𝑏𝑜)  (7) 

where 𝑊𝑜 is the weight matrix, 𝑏0 is the bias vector, and 𝑜𝑡 is the value of the output gate at 

the time t. 

Note that, in order to make LSTM deeper, additional hidden layers can be considered. The 

obtained RNN is called LSTM stacked. The idea behind the use of multi hidden layers is to 

recombine already learned representation (the information obtained from prior layers) at higher 

levels of abstraction of input samples at various time scales. It was only experimentally 

established that stacked LSTMs are sometimes more useful than shallower ones. (see: [13], 

[14]) 

 

4. Experimental Results  
We have implemented standard NAR, LSTM and stacked LSTM neural networks to forecast 

the exchange rate between EURO and US Dollar, recorded between October 1998 and October 

2018. We evaluated the performances of the obtained algorithms using the mean absolute 

percentage error, the root mean square error and a trend-based measure. We denote by 

{𝑌(1), … , 𝑌(𝑇)} the set of correct values of Y and we assume that {𝑌̂(1), … , 𝑌̂(𝑇)} is the 

collection of the forecasted values. The mean absolute percentage error (MAPE) is defined by 

𝑀𝐴𝑃𝐸 = 100 ×
1

𝑇
∑

|𝑌(𝑖) − 𝑌̂(𝑖)|

𝑌(𝑖)
   

𝑇

𝑖=1

    (8) 

 

The root mean square error (RMSE) is expressed as 
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𝑅𝑀𝑆𝐸 = √
1

𝑇
∑ (𝑌(𝑖) − 𝑌̂(𝑖))

2

   

𝑇

𝑖=1

    (9) 

while the prediction of change in direction (POCID) is given by 

𝑃𝑂𝐶𝐼𝐷 = 100 ×
∑ 𝐷𝑖

𝑇−1
𝑖=1

𝑇
                                  (10) 

where  

𝐷𝑖 = {
1, 𝑖𝑓 (𝑌(𝑖 + 1) − 𝑌(𝑖)) (𝑌̂(𝑖 + 1) − 𝑌̂(𝑖)) ≥ 0

0,                                                                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

 

The PACF analysis of the EURO/USD exchange rates led us to the conclusion that the window 

{1,2,3,4} should be considered to correctly set the delay variable. The tests mean results are 

show in Table 1, Table 2, Table 3 and Table 4 and displayed in Figure 1, Figure 2 and Figure 

3. 

 
Table 1. NAR, delay = 1 

 MAPE (%) RMSE POCID 

NAR – NN 0.48 ±   0.7% 0.0073 ±   1.3% 48.95 ± 0.2% 

LSTM 0.59 ± 13.3% 0.0089 ± 12.9% 47.42 ± 3.8% 

LSTM Stacked 0.71 ±   9.1% 0.0105 ±   6.7% 48.87 ± 1.7%  

 
Table 2. NAR, delay = 2 

 MAPE(%) RMSE POCID 

NAR – NN 0.47 ±   0.4% 0.0063 ±   0.1% 48.35 ± 0.7% 

LSTM 0.32 ±   8.7% 0.0046 ±   2.9% 77.26 ± 0.8% 

LSTM Stacked 0.93 ± 14.5% 0.0134 ± 16.4% 60.96 ± 4.9% 

 
Table 3.NAR, delay = 3 

 MAPE(%) RMSE POCID 

NAR – NN 0.47 ±   0.3% 0.0063 ±   0.2% 47.93 ± 0.3% 

LSTM 0.32 ± 24.4% 0.0048 ± 22.9% 70.45 ± 0.8% 

LSTM Stacked 0.42 ± 32.7% 0.0083 ± 30.7% 67.05 ± 2.3% 

 
Table 4. NAR, delay = 4 

 MAPE(%) RMSE POCID 

NAR - NN 0.47 ±   0.1% 0.0063 ±   0.8% 48.56 ± 1.0% 

LSTM 0.36 ± 14.8% 0.0055 ± 14.3% 62.97 ± 4.3% 

LSTM Stacked 0.49 ± 15.2% 0.0071 ± 17.7% 67.53 ± 2.0% 

 

 

 

 

 
 

 

Figure 1 - NAR NN Forecast with delay = 2 
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Figure 1.  NAR NN Forecast with delay = 2 

 

 
Figure 2.  LSTM Forecast with delay = 2 

 

 
Figure 3. LSTM Stacked Forecast with delay = 2 

 

 

5. Conclusions  
The reported work aimed to develop suitable methods for financial data forecasting in terms of 

one-step-ahead nonlinear auto-regressive model.  We have analyzed the exchange rate between 

EURO and US Dollar using samples recorded between October 1998 and October 2018. The 

prediction task has been carried out by three recurrent neural networks, the standard NAR 

neural network, LSTM and stacked LSTM respectively. The performance of the proposed 
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methods was evaluated by a long series of tests, the test results enabling us to conclude that the 

LSTM neural network outperforms the standard NAR one.  

Since the experimentally derived results are quite encouraging, we are going to extend our 

study tacking into account more complex prediction models and learning methodologies. 

Between possible extensions, we will consider the NARX model, technical indicators and 

several data mining techniques to better represent the available information and, consequently, 

to obtain more accurate algorithms. 
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